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According to recent simulations [Langmuir 16, 7975
(2000)], the flocculation rate (kf) of concentrated oil in
water (O/W) emulsions interacting through van der
Waals forces, can reach values considerably higher than
the one expected for a very dilute system of non-
interacting spheres ð5:49 3 10218 m3=sÞ: Similar calcu-
lations at a volume fraction f5 0:001 using 64 particles
only, already show a kf 5 5:83 3 10218 m3=s; reasonably
close to the theoretical prediction. In this report
Brownian Dynamics (BD) simulations are used to study
the effect of the volume fraction and the drop size
distribution (DSD) on the flocculation rate. First, the
dependence of kf with the maximum value of the thermal
interaction between the particles and the solvent is
studied. Following, the variation of the flocculation rate
is studied as a function of polydispersity for f5 0:15:
As expected, there is a strong dependence of kf on f.
Faster and slower aggregation rates are observed
depending on the characteristics of the DSD.

Keywords: Emulsions; Simulations; Coagulation; Brownian
dynamics; Coalescence; Flocculation

INTRODUCTION

Almost a century ago Smoluchowski [2] derived a
simple formula for the variation of the total number
of suspended particles per unit volume n, as a
function of time:

n ¼
n0

1 þ kf n0 t
ð1Þ

Here, n0 is the initial particle density, t the time,
and kf a flocculation constant which in the absence of
interaction forces is equal to:

k21
f ¼ n0 tf ¼

1

8pa D0
¼

3h

4k T
ð2Þ

where h is the solvent viscosity, T the temperature,
k Boltzmann constant, tf a characteristic flocculation
time, a the particle radius, and D0 Stokes diffusion
constant equal to:

D0 ¼
k T

6pha
ð3Þ

For water at T ¼ 298 K; tf is of the order of
2 £ 1011 seconds=n0 s [3]. The value of kf increases in
the presence of van der Waals forces and decreases
with any kind of repulsive forces like electrostatic,
steric, hydrodynamic, etc.

Expressions (1–3) result from an overall mass
balance of particle/aggregate collisions of any size
leading to either larger or smaller aggregates. Hence,
these equations can be used to describe the process of
reversible association of colloids (flocculation) as
well as the process of irreversible association
(coagulation). Coalescence, on the other hand, refers
to the merging of two drops to form a unique entity.
This additional kind of destabilization can only
happen with fluid particles and hence, it is important
for emulsions and foams.

According to Verwey and Overbeek [3],
Smoluchowski expression for the coagulation rate
of lyophobic colloids Eq. (1) can be suitably modified
in order to account for short-range repulsive
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barriers and even hydrodynamic interactions
(HI) between particles. The effect of such barriers
can be incorporated—in average—multiplying
Smoluchowski’s aggregation velocity by a stability
factor W (Fuchs’s factor), which in the case of a
repulsive barrier between spheres of equal radii (a) is
equal to:

W ¼ 2 a

ð1
2 a

eV=k T dR

R2
ð4Þ

where V is the repulsive potential, and R the distance
between two spheres.

In order to prepare a stable colloid that lasts for
week or a month ðtf . 106Þ prior to coagulation, the
stability ratio W have to surpass the value of 105 for
diluted and 109 for very concentrated colloids [3].
Furthermore, since the integrand in Eq. (4) is
maximum in the region where V is maximum
ðV ¼ VmaxÞ; it can also be shown that Vmax has to be
approximately equal to 15 k T for W ¼ 105; and 25 k T
for W ¼ 109:

The stability considerations that lead to Eq. (4) as
well as the estimations of the previous paragraph
appropriately consider the effects of Brownian
movement on the aggregation rate of a suspension,
which is finally accounted for in the formula of kf

through the diffusion constant Eq. (2). However, in
the case of emulsions there is an additional
contribution: Brownian movement may lead to
coalescence at close separations between drops,
whenever the momentum transfer between the
solvent and the particles at a given time is of the
order of the height of their repulsive barrier. That is,
coalescence could happen as the result of a “single”
irreversible event of the order of a Brownian
relaxation time.

Table I shows an order-of-magnitude calculation
of the amount of energy that could be transferred
from the surrounding water molecules of the solvent
to suspended particles of different sizes. These
magnitudes are considerably larger than the barrier
heights required for preventing aggregation by
slowing down the particle diffusion**. This com-
plementary mechanism of destabilization could
possibly be related to the findings of Beherens et al.
[4] regarding the aggregation of charge-stabilized
suspensions. According to these authors there is
excellent agreement between Derjaguin-Landau-
Verwey-Oberbeek (DLVO) theory [3] and experi-
ment, as long as the repulsive barrier is located at
least 2 nm away from the particle surface. Sizeable
differences occur otherwise. The effect of the
momentum transfer on the coalescence rate of
emulsions in the presence of a repulsive barrier
will be studied in a future report. Here we
concentrate on the dependence of the flocculation
rate (see below) on the magnitude of the thermal
exchange in the absence of a repulsive barrier.

While coagulation and flocculation can be clearly
distinguished, there is no precise inter-particle
distance to separate the regimes of flocculation and
coalescence. Van den Temple [5], for example,
suggested that the coalescence rate should be
proportional to the number of contacts between
flocculated particles. Such assumption implies the
existence of finite time between the moment that the
particles “touch” and their final unification. Thus, it
also supposes the existence of a short-range
repulsive barrier and/or a measurable time for
draining the intervening liquid between aggregated
drops. In Emulsion Stability Simulations (ESS) [1],
the particles evolve smoothly until they coalesce.
Short-range repulsive barriers have to be explicitly
included in the interaction potential. If the particles

TABLE I

% Unbalance
Transferred energy (in k T units) Transferred energy (in k T units) Transferred energy (in k T units)

a ¼ 1:0mm a ¼ 3:9mm a ¼ 10mm

1 15 57 147
5 367 1,432 3,672
10 1,469 5,728 14,688
25 9,180 35,801 91,797
40 23,500 91,650 235,001
50 36,719 143,204 367,189

In order to estimate the energy transfer between solvent molecules and a suspended particle of radius a, the following approximations were made.
(a) The maximum number of collisions between a drop and the solvent molecules per unit time was estimated as the ratio between the area of a drop and the
cross section of a water molecule. (b) Using the Equipartition Theorem, the velocity and momentum transferred by one water molecule to a drop was
calculated ð1=2 mv2 ¼ 3=2 k TÞ: (c) 1/3rd of the total momentum transferred was assigned to each direction of a coordinate axis. (d) The resulting momentum
transferred along a specific axis x, results from the unbalance between the momentum transferred in þx and 2x directions, so several percentages of
unbalance were tested. (e) The value calculated in (d) divided by the mass of the drop and gives the velocity of the drop along the x axis produced by the
thermal exchange. With it, the kinetic energy transferred from the solvent to the drop was computed

**As discussed by Perin [26] and shown by experience, only a fraction of the kinetic energy of a molecule could be transferred. According
to a simple estimation from Verwey and Oberbeek [3], the thermal impulse of submicron particles should be usually dissipated in a
distance smaller than a typical double layer width.
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coalesce immediately after their surfaces get into
contact, coalescence is then “included” in the
flocculation rate, that is: kf ¼ kco. Drops increase
their size as they collide in a similar way as
suspended solid particles form bigger aggregates
upon collisions. In presence of a short-range barrier,
the coalescence rate can be neatly estimated by
comparing the resulting flocculation rate with its
respective value in the absence of such barrier.

Since the formulation of Eq. (1), several improve-
ments of this simple formula were published [5–7].
Some approaches reconsider the analytical
description of the process of flocculation only [6],
while some others explicitly introduce the coalesc-
ence rate [5,7]. Up to our knowledge all related
developments depart from a mono-dispersed system
of evenly distributed particles, which evolves with
time. However, the initial drop size distribution
(DSD) of a typical emulsion is almost invariably
polydisperse and spatially inhomogeneous just after
preparation. The question we wish to address in
the second part of this communication is: what is the
effect of that initial polydisperse distribution on the
aggregation rate?

In order to quantify the effects of polydispersity on
the coalescence rate it is necessary to separate the
effect of the volume fraction (f) from that of the DSD.
Both, f and DSD affect kf through the dependence
of the diffusion tensor of the drops on (a) the radii of

the particles; (b) their distribution in space; and
(c) the variation of the inter-particle potential with
the average distance and radii of the drops [8]. Points
(a) and (b) can be illustrated by calculating the
variation of the xx component of the self-diffusion
D11 tensor of a particle of radius a ¼ 3:9mm subject to
different environments. Table II shows the value of
Dxx

11 when the particle is immersed in distinct sets of
similar particles randomly distributed in a cubic box
of side length of 12.1 a with periodic boundary
conditions. The expression of Dxx

11 used includes
hydrodynamic corrections from Batchelor [9–10].
As expected, Dxx

11 decreases as the volume fraction
increases. Table III shows similar calculations
employing 64, 125 and 216 particles. Here the
volume fraction is maintained at f ¼ 0:15; but
different distributions of radii between 0.1 a and 1.0
a are used. It is clear that Dxx

11 also changes with the
characteristics of the DSD employed. Furthermore, at
fixed f, Dxx

11 also depends on the initial configuration
of the particles (Table III). It is clear then that HI [11–
15] mix the effects of f and DSD on the flocculation
rate due to their influence on the diffusion [Dij]. HI
are also known to decrease the aggregation rate
considerably [12], and favor the formation of open
structures of clusters of particles instead of “globu-
lar” ones [15].

Averaging mobility functions ½bij� ¼ k T=½Dij� over
two-particle and three-particle distribution functions
lead to analytical expressions for the variation of the
diffusion constant of monodisperse systems with the
volume fraction, D(f) [10,16–19] at three levels of
approximation:

DðfÞ ¼ D0½1 2 1:83fþ · · ·� ð5Þ

DðfÞ ¼ D0½1 2 1:73fþ · · ·� ð6Þ

DðfÞ ¼ D0½1 2 1:73fþ 0:93f2 þ 1:80f3 þ · · ·� ð7Þ

For times t greater that a Brownian relaxation
time tB ¼ M D=k T (where M is the mass of the
particle), but considerably smaller than the time
required to diffuse a mean inter-particle distance,

TABLE II The xx-component of the diagonal elements of the self-
diffusion tensor calculated from Batchelor formula [9,10] for a
random configuration of particles in a cubic box of side length 12a
ða ¼ 3:9 £ 1026 mÞ

Number of particles Volume fraction
Dxx

11=D0ðradius ¼ a ¼ 3:9 £ 1026 mÞ ðf £ 100Þ

1 0.236 1.000
5 1.18 0.996
34 8.00 0.932
64 15.1 0.867
125 29.6 0.579
216 51.0 0.227

TABLE III Similar calculations to those of Table I for a poly-disperse distribution of particles: (O) uniformly spaced throughout the
simulation box, or (R) randomly distributed

Number of Ordered (O) Or Volume fraction DSD # particles £ radius
Dxx

11=D0particles Random (R) ðf £ 100Þ ða ¼ 3:9 £ 1026 mÞ

64 O 15.13 64 £ 1 a 0.8499
64 R 15.13 64 £ 1 a 0.8678
125 O 15.14 21 £ 0.1 a 0.6841

51 £ 0.6 a
53 £ 1.0 a

125 R 15.14 21 £ 0.1 a 0.8199
51 £ 0.6 a
53 £ 1.0 a

216 O 15.11 22 £ 1.0 a 0.5834
194 £ 0.6 a

216 R 15.11 22 £ 1.0 a 0.7981
194 £ 0.6 a
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tI ¼ n22=3=D ðtB ! t ! tIÞ [18], the effects of direct
interaction forces are small [20–24]. In this regime, it
is found that the particles diffuse with a short-time
self-diffusion coefficients D s. Formulae (5)–(7)
were calculated employing a hard-sphere radial
distribution function and the hydrodynamic
tensors of Batchelor [10] and Felderhof [16]. These
expressions correspond to the short-time regime,
where D ¼ D s [24].

As expected from both theory and experiment
[25–27], D s is proportional to the mean square
displacement of a particle k[Dr(t)]2l in systems of
non-interacting colloids [24]. However, for inter-
mediate times of the order of a 2/D, that is no longer
the case. In spite of this it is found that whenever
t @ tI; k[Dr(t)]2l becomes again proportional to time
but with a different diffusion constant (D L) [24].

As shown by van Veluwen et al. [24] short time
self-diffusion coefficients can be measured by
dynamic light scattering using monodisperse
samples of large particles ða $ 0:4mmÞ: The theory
of Beenakker and Mazur [28] based on the partial
summation of many-body HI reproduces experi-
mental data on 0.4-mm silica particles up to f ¼ 0:20
with only slight deviations. However, higher order
approximations are necessary for higher volume
fractions of the internal phase. These results are
consistent with Photon Correlation Spectroscopy
measurement [19], which demonstrates that
Eqs. (5)–(7) cannot account for the true value of the
effective diffusion constant at f $ 0:3 due to the
presence of many-body HI.

COMPUTATIONAL DETAILS

Thermal Exchange

Recently several new computational techniques
[29–31] as well as new algorithms for Brownian
dynamics (BD) simulations appeared [32 – 37].
Although different methodologies seem to be very
promising in handling of a large number of particles
[29], BD has proved to be very successful in
capturing those microscopic details, which are
essential to colloidal stability [38–44]. This is critical
in those cases where the kinetics of adsorption of
molecules to the interface determines the interaction
potential [41,45]. On the other hand, one of the major
disadvantages of the BD technique is the small time
step required in order to sample appropriately the
interaction potential between particles.

According to the algorithm of Ermak and
McCammon [46] the position of a Brownian particle
at time ði þ 1ÞDt along a given coordinate axis (X)
equals its previous position at time iDt plus a steady
diffusive contribution and a random term Ri: In the
absence of long-range fluid-mediated hydrodynamic

coupling:

Xiþ1 ¼ Xi þ
D F

k T

� �
Dt þ Ri ð8Þ

where D is the diffusion constant, F the total force
acting on the particle.

Most calculations presented were run under the
action of thermal interaction only ðF ¼ 0Þ: Whenever
van der Waals forces were considered, Hamaker
expression for the potential energy (V) between
spheres of different size was used:

V ¼ 2
A

12

y

x2 þ xy þ x
þ

y

x2 þ xy þ x þ y

�

þ2 ln
x2 þ xy þ x

x2 þ xy þ x þ y

� ��
ð9Þ

where A is the Hamaker constant, x ¼ d=2 R1;
y ¼ R2=R1; and “d” is the shortest distance between
the particles.

In practical terms, every random displacement Ri

in Eq. (8) is calculated by multiplying a real number
sampled from a Gaussian distribution of zero mean
and unit variance by ½2DDt�1=2: In the absence of a
steady force ðF ¼ 0Þ; these procedures lead to
k½DxðtÞ�2l ¼ 2 DDt and k½DrðtÞ�2l ¼ 6 DDt as experi-
mentally observed in dilute systems [25 – 27].
In principle, any single displacement length is
possible [47–48] as long as the set of displacements
reproduces the statistical properties of a Gaussian
distribution. Table IV shows some statistical proper-
ties of the Gaussian Routine used in these
calculations [49]. First, it can be seen that the code
appropriately reproduces the theoretical properties
of a Gaussian function (columns 3, and 4–6). The
average value comes out very close to zero in all
cases. The random number generator employed can
produce values as high as 6.0 units for a 600-million
sample. According to the statistics, the random
displacement in a single move will be higher than
½6 DDt�1=2 as much as 31% of the time.

Although the time-average thermal exchange
between colloidal particles and their suspending
media is of the order of k T, the energy transmitted in
a single event of the order of a Brownian relaxation
time could be much higher. In BD simulations the
average thermal exchange is usually controlled
through the selection of the time step, which is also
limited by the width of the repulsive barrier. Since
the particles should sample the potential appro-
priately, a high repulsive barrier should prevent
coalescence in the absence of the thermal interaction.
This means that the maximum displacement of a
particle at a given time-step should be a fraction of
the repulsive barrier width.

In order to study the effect of the thermal
interaction on the flocculation rate (in conditions
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for which kf ¼ kco), we implemented a routine that
calculates the kinetic energy (1/2 mv2) gained by the
particle after a random kick. For this purpose, the
velocity of a particle in each axis was calculated by
dividing its random displacement along that direc-
tion, by the time step. The value of the kinetic energy
was then compared to a pre-selected threshold.
Random displacements were only accepted if they
came out to be lower than the given threshold. The
use of a “maximum supremum” was already
suggested by Bacon et al. [39] in a footnote of their
seminal work regarding the motion of flocs
composed of two and three particles. It was indicated
that this technique could prevent solid particles from
overlapping during the course of the simulation.
By passing we note that one of the main results
of that research is that the particles can “jump” out
of potential well of depth 10 k T within a matter of
seconds.

In this work two distinct thresholds are used,
namely 100 and 10,000 k T. Additional 10-k T calcu-

lations are also presented. As the simulation evolves
the particles are allowed to coalesce. In this case a
new particle appears at the position of the center of
mass of the colliding particles, and the diffusion
constant is recalculated for the new radius according
to Stokes law Eq. (3). From the variation of the
number of particles per unit volume “n” vs. time, the
half-life time was evaluated. The coalescence rate
was calculated first adjusting kf in Eq. (1), until the
sum of the square differences between the values of n
given by the simulation and calculated according to
Eq. (1) was minimized. Additionally, the minimum
square method (MSM) was used to calculate the
slope of the curve 1/n vs. t (see Eq. (1)), which
directly yields the referred rate.

Polydispersity

Similar calculations to those previously described
were run over polydispersed systems (Table V) of
particles. Since there are infinite ways to distribute

TABLE V Drop size distributions employed in the simulations

ID
f

( £ 100)
r/a
2.0

r/a
1.5

r/a
1.2

r/a
1.1

r/a
1.0

r/a
0.9

r/a
0.8

r/a
0.7

r/a
0.6

r/a
0.5

r/a
0.4

r/a
0.3

r/a
0.2

r/a
0.1

1 1.14 4 15 26 15 4
2 2.24 1 12 52 86 52 12 1
3 5.39 2 16 45 44 16 2
4 9.33 4 28 76 76 28 4
5 12.59 35 43 60 43 35
6 15.11 20 1 61 21 22
7 15.11 22 0 0 0 194
8 15.13 21 21 21 21 22 22 22 22 22 22
9 15.13 64
10 15.13 52 0 0 0 55 0 0 0 0 109
11 15.70 7 30 50 30 7 1
12 15.97 20 0 0 0 0 0 0 0 0 0 0 0 44
13 22.29 7 30 51 30 7
14 29.50 9 11 9 0 0 0 0 0 0 0 0 0 0 96
15 29.56 125
16 29.57 114 0 0 0 51 0 0 0 0 51
17 30.38 7 30 51 30 7
18 51.07 216

TABLE IV Some mathematical properties of the random number generator (Box-Muller) used in the present work.

Multiples (M) of the
Standard Deviation (s)
M*s

Theoretical
percentage of

values above M*s

Number of
iterations of the

random generator % X % Y % Z
Maximum

value
Minimum

value

1.0 s 31.74 1.0 £ 104 32.51 32.06 31.30 4.2129 2 4.3056
1.0 s 31.74 1.0 £ 105 31.85 31.55 31.76 4.7843 2 4.5367
1.0 s 31.74 1.0 £ 106 31.74 31.70 31.77 5.2184 2 5.0894
1.0 s 31.74 1.0 £ 107 31.73 31.74 31.74 5.5176 2 5.2886
1.0 s 31.74 1.0 £ 108 31.73 31.73 31.73 5.8554 2 5.8653
1.0 s 31.74 6.0 £ 108 31.73 31.73 31.73 5.8554 2 6.0608
0.5 s 62.00 1.0 £ 106 61.66 61.67 61.79 5.2184 2 5.0895
1.0 s 31.74 1.0 £ 106 31.74 31.70 31.77 5.2184 2 5.0895
2.5 s 1.24 1.0 £ 106 1.24 1.23 1.26 5.2184 2 5.0895
3.9 s 0.00 1.0 £ 106 0.009 0.012 0.010 5.2184 2 5.0895

The maximum values obtained for a given set of generated numbers (iterations) are shown, along with the probability of obtaining a number higher than a
given multiple of standard deviations (s) from the average. Every sampling includes values for three variables x, y, z. Thus the total sample is really three
times the value of column 3. The maximum and minimum values reported are the absolute maximum and minimum values that result from the comparison of
x, y and z values
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these particles amongst a cubic box, the average
distance between particles may change artificially as
a function of the initial configuration. For this reason
all calculations with the same number of particles
departed from the same random positions, regard-
less of their DSD. The present calculations are meant
to serve as standards for more involved simulations
in which short-range repulsive barriers are con-
sidered [1,45,50–51]. As in our previous simulations
regarding the stability of Bitumen emulsions, we use
here a small number of particles (64, 125, 216).

For most calculations a time step (Dt) equal to 1:36 £

1026 s was used. For volume fractions (f) of 0.001, 0.01
and 0.08, time steps of 1:36 £ 1022; 1:36 £ 1024 and
3:4 £ 1026 s; were used. Despite the very large time
step required for f ¼ 0:001; the value of kf calculated
was 5:83 £ 10218 m3=s; in reasonable agreement with
the theoretical estimate Eq. (2) 5:49 £ 10218 m3=s:
Using a similar technique based on the probability
density function of random displacements [34],
Puertas obtained a value of 6:16 £ 10218 m3=s ðDt ¼
1 £ 1024 sÞ: It should be kept in mind that the
algorithm used [46] to simulate the Brownian move-
ment, corresponds to the regime in time where the
mean square displacement of the particle is pro-
portional to the time [48]. For a particle of 3.9mm, this
corresponds to times larger than tB ¼ 3:38 £ 1026 s:
Only after several iterations this requirement is met,
but for one individual movement the Dt used is lower
than the Brownian relaxation time. More accurate
algorithms for these cases are also available [52]. As
demonstrated by the value of kf ðf ¼ 0:001Þ; it is
unlikely that this simplification sensibly affect the
aggregation rates. However, its suitability especially
for the cases where surfactant adsorption is con-
sidered, is still under study.

RESULTS AND DISCUSSION

Table VI shows the value of the diffusion constant of
a particle evaluated from its mean square displace-
ment for various magnitudes of thermal threshold.
It is clear that in order to reproduce the experimental

value found in dilute systems [25–27], high values of
the thermal threshold must be considered. At 100 k T
significant deviations are already observed. These
appear to increase with the increase of the particle
radius. The effect is more pronounced whenever HI
are considered.

Figure 1 shows the variation of the flocculation
half time t1=2 ¼ tðn0=2Þ with the volume fraction,
for different values of the thermal threshold (UT).
The corresponding values t1/2 and kf are shown in
Table VII. In order to visualize the results a
logarithmic scale was used. First, it becomes clear
that the predicted half times using Smoluchowski’s
formula Eq. (2) are rather long. That formula sensibly
overestimates the stability of the emulsion for all
volume fractions higher than f ¼ 0:01: At f ¼ 0:001;
the curves of 10, 100 and 10,000 k T converge. Taking
into account the limited amount of volume fractions
probed, it appears that the differences in t1/2 due to
the thermal threshold are not very large for f # 0:15:

Figure 1 also shows the results of the analytical
formula proposed by Hütter [53] for a suspension of
Al2O3 particles ða ¼ 0:5mmÞ stabilized by electro-
static barriers lower than 6 k T:

TABLE VI Slope of the curve k(Dr*(t))2l vs. t* for several thresholds. The scaled displacement and time are equal to ðr* Þ2 ¼ ðr=aÞ2 and
t* ¼ ðt D=a 2), respectively.

Slope k(Dr*) 2l vs. t* Threshold (in k T units) Diffusion tensor used Radius (a)

12.01 10,000 Stokes r = 1.95 £ 1026

6.00 10,000 Stokes r = 3.90 £ 1026

3.00 10,000 Stokes r = 7.80 £ 1026

12.01 100 Stokes r = 1.95 £ 1026

5.66 100 Stokes r = 3.90 £ 1026

1.29 100 Stokes r = 7.80 £ 1026

3.00 10,000 Batchelor r = 7.80 £ 1026

2.94 1000 Batchelor r = 7.80 £ 1026

0.70 100 Batchelor r = 7.80 £ 1026

In the absence of other particles and under Stokes dynamics, the slope corresponding to a ¼ 3:9 £ 1026 should be equal to 6.00.

FIGURE 1 Logarithm of the half-life time as a function of the
volume fraction for 3.9-mm Brownian particles using several
thermal thresholds: (A) UT ¼ 10 k T; (þ ), UT ¼ 100 k T; (D)
UT ¼ 10; 000 k T). The predictions of Eqs. (1) (S) and (10) (2) are
also shown.
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t1=2 ¼ a1

ffiffiffiffiffiffiffi
fm

f

3

s
2 1

" #a2

ð10Þ

The parameters corresponding to aluminum oxide
for a vanishing value of the surface potential are [53]:
a1 ¼ 3:3 £ 1022; a2 ¼ 2:23; fm ¼ 0:479: A reasonable
fit of Eq. (10) to the present data corresponds to the
values: a1 ¼ 1:4 £ 10þ2; a2 ¼ 2:00; fm ¼ 0:51 (cubic
packing). The value of a1 is considerably larger than
that of Ref. [53] for the same volume fractions, but
the number of particles per unit volume in that case
is considerably higher (t1=2 ¼ 1=k n0 according to
Eq. (1)). It should also be noticed that Eq. (10) is used
in Ref. [53] to measure the time after which the
number of free particles has dropped to half of its
initial value. The data of Figs. 1 and 2 correspond to
times for which the total number of particles in the
system drops is reduced in 50%.

Figure 2 (Table VIII) shows a complementary set of
calculations on monodispersed systems of particles
interacting through van der Waals attraction.
The variation of the half lifetime for the original
values of a1 a2 at fm ¼ 0:51 is shown there for
further reference. In this calculation UT ¼ 10; 000 k T;
and Hamaker constants of 1:24 £ 10219; 1:24 £ 10220

and 1:24 £ 10221 were used. As before, all compu-
tations converge at low volume fractions. For the
present DSD, it is further observed that the use of a
Hamaker constant of 1:24 £ 10221 originates half

lifetimes very similar to those of systems of non-
interacting particles executing random walks.

Figure 3 shows the dependence of kf as a function
of the volume fraction for UT ¼ 10; 100 and
10,000 k T. Curve identified as “unbound” in this
figure refers to the flocculation constant obtained in
the absence of a restriction to the thermal threshold.
At f , 0:15 there is a slight dependence of the
flocculation constant on the thermal threshold.
However the dependence is very pronounced for
f . 0:15: Thus, measurements of kf at these
concentrations could be used to estimate the
magnitude of the thermal interaction in concentrated
emulsions. The values of kf listed in the
Tables correspond to the slope of the curve of 1/n
vs. t (Procedure A). The flocculation constants
computed by minimization of the total difference
between the calculated and the simulated number of
particles at each time (Procedure B) showed a less
smooth monotonous variation with the increase of
the volume fraction. These differences are expected
to diminish as the number of particles in the
simulation is increased. While Procedure A makes
more emphasis in the first steps of the simulation,
Procedure B weights the overall curvature of kf vs. t,
including long times for which the number of
particles is very small.

Figure 4 shows the variation of the number of
particles per unit volume for a selected set of
polydisperse systems using a maximum threshold

TABLE VII Half-life times and flocculation constants for UT¼10 k T; 100 k T and 10,000 k T, as a function of the volume fraction of oil

f kf (m3/s) 10 k T kf (m3/s) 100 k T kf (m3/s) 10,000 k T t1/2 (s) 10 k T t1/2 (s) 100 k T t1/2 (s) 10,000 k T

0.001 5.83 £ 10218 5.83 £ 10218 5.83 £ 10218 40,003 40,003 40,003
0.01 1.02 £ 10217 1.02 £ 10217 1.02 £ 10217 2,435 2,435 2,435
0.08 2.47 £ 10217 3.22 £ 10217 3.22 £ 10217 117.2 92.4 92.4
0.15 3.37 £ 10217 5.52 £ 10217 7.16 £ 10217 49.8 26.2 20.2
0.30 2.77 £ 10216 1.77 £ 10216 8.41 £ 10217 2.24 1.29 1.3

FIGURE 2 Logarithm of the half-life time as a function of the
volume fraction for Brownian particles interacting through van der
Waals forces at UT ¼ 10; 000 k T: Results for Hamaker constants of
1:24 £ 10219; 1:24 £ 10220 and 1:24 £ 10221 are shown.

FIGURE 3 Dependence of the flocculation rate of monodispersed
systems of non-interacting particles as a function of the volume
fraction for different magnitudes of UT (see Table VII).
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of 100 k T. The related data along with a set of
calculations carried out at UT ¼ 10; 000 k T are shown
in Table IX. It is observed that despite the differences
in initial number of particles the slope of the curves is
similar. Thus, the flocculation constant comes out to
be of the same order of magnitude, although there is
a clear dependence on polydispersity. Such differ-
ences are more pronounced for half-life times
evaluated directly from the simulation data.

Figure 5 shows the variation of the number of
particles per unit volume as a function of time for
systems of equal number of particles but variable
volume fraction. In order to appreciate the differ-
ences between the calculations only a section of the
curves is shown. As expected, emulsion destabiliza-
tion becomes more pronounced as the volume
fraction increases. The curves show different slopes
corresponding to distinct flocculation rates.

Figure 6 shows the dependence of kf on the volume
fraction. Here the effect of polydispersity at f ¼ 0:15
ðUT ¼ 100 k TÞ can be clearly observed. According to
the present results, the rate constant at f ¼ 0:15; can
vary as much as 2.2 times as a consequence of
polydispersity only. A more pronounced effect is
observed with respect to the volume fraction.
Changing f from 0.001 to 0.16 may increase the
rate constant in one order of magnitude depending
on polydispersity, while a change in f from 0.15 to
0.30 speeds up phase separation in one additional
order of magnitude. At UT ¼ 10; 000 k T; the com-
bined effect of increasing the volume fraction from
f ¼ 0:001 to 0.30, and changing the polydispersity of

the system, may increase the flocculation constant in
only 53 times.

Figure 7 shows the variation of the half lifetime for
polydisperse systems ðUT ¼ 100 k TÞ: The values
predicted by Eq. (10) for a1 ¼ 24; a2 ¼ 2:0 and fm ¼

0:51 are also shown. The agreement is good
considering the limited amount of small-particle
simulations presented. Comparison of this value ofa1

with that previously obtained for monodisperse
systems indicate that this constant may drastically
change as a function of the DSD. This is reasonable
since Eq. (10) is derived from an estimation of the
mean free path between the particles, that changes
with the number and radii of the particles in the
system.

The effect of the interaction potential on the
flocculation rate including HI will be addressed in a
future communication. However, in order to illu-
strate the effect that those variables may have on the
flocculation rate, the results of additional 125-particle
simulations ða ¼ 3:9mmÞ at f ¼ 0:15 are also pre-
sented (Fig. 8(a),(b)). Here, only the points where the
number of particles changes as a function of
time are illustrated. At f ¼ 0:15 the thermal
movement of the particles produces a value of
kf ¼ 2:91 £ 10217 m3=s ðr2 ¼ 0:9856Þ: However when
van der Waals (vdW) attraction is included
ðHamaker constant ¼ 1:24 £ 10219Þ; 1/n is only lin-
ear in one portion of the curve. The rate constant
evaluated in that linear portion is 2.7 times higher,
kf ¼ 7:78 £ 10217 m3=s ðr2 ¼ 0:9560Þ: Hydrodynamic
interactions, on the other hand, set a limit to the

TABLE VIII Half-life times and flocculation constants for three order of magnitude of the Hamaker constant: 1:24 £ 10219 J; 1:24 £ 10220 J;
1:24 £ 10221 J; as a function of f for fixed UT ¼ 10; 000 k T

f
kf (m3/s)

A ¼ 1:24 £ 10219 J
kf (m3/s)

A ¼ 1:24 £ 10220 J
kf (m3/s)

A ¼ 1:24 £ 10221 J
t1/2 (s)

A ¼ 1:24 £ 10219 J
t1/2 (s)

A ¼ 1:24 £ 10220 J
t1/2 (s)

A ¼ 1:24 £ 10221 J

0.01 1.38 £ 10217 7.49 £ 10218 8.91 £ 10218 1,568 2,312 2,025
0.08 6.28 £ 10217 3.21 £ 10217 2.02 £ 10217 36.9 43.5 128.7
0.15 1.70 £ 10216 6.82 £ 10217 3.65 £ 10217 2.3 12.7 21.7
0.30 6.82 £ 10215 5.95 £ 10216 3.30 £ 10216 0.07 0.48 1.33
0.51 7.23 £ 10211 6.25 £ 10212 1.26 £ 10212 1.19 £ 1024 5.19 £ 1024 1.37 £ 1023

FIGURE 4 Evolution of the number of particles per unit volume (n) as a function of time, for different DSDs of similar volume fraction
f , 0:15: The identification of the DSD is shown in the legend (see Table V).
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acceleration produced by the van der Waals
interaction. HI slow down the flocculation rate
producing an intermediate result: kf ¼ 4:48 £

10217 m3=s ðr2 ¼ 0:9720Þ; roughly 0.5 times slower
than the vdW rate. This number is consistent with the
decrease of the coagulation time due to HI,
previously calculated by Bacon et al. [39]: 2.5 times
for particles of 0:5–1:0mm interacting through
DLVO forces at f ¼ 0:155: Figure 8(b) shows again
the combined effect of the van der Waals attraction
and the HI. In these calculations and some other
unpublished simulations, we have found that the
vdW þ HI effect, usually produces a flocculation
constant ð3:07 £ 10216 m3=sÞ that does not differ very
much from the random walk evaluation. As a matter
of fact, the difference between the vdW þ HI value
and the thermal one ð1:72 £ 10216 m3=sÞ for this case
ðf ¼ 0:30Þ is considerably smaller than the devi-
ations originated by polydispersity as was pre-
viously illustrated.

It is important to stress here that in the presence of
inter-particle interactions (and for the small number

of particles used) the simulation data shows large
deviations from linearity at very long times. In the
absence of inter-particle forces, the variation of 1/n
vs. t is linear for more than 85% of the total simulated
time (see Table X). In those cases deviations from
linearity arise when the number of drops diminishes
considerably until only a few remain. When other
inter-particle forces are included, the variation of 1/n
vs. t, which appears to be roughly linear according to
Fig. 8, also deviates considerably at short times. This
figure was purposely chosen in order to illustrate
that the presence of an interaction force can extend
the very small transient observed in thermal
simulations prior to the linear behavior. This
anomaly is a function of the number of particles,
their initial configuration, polydispersity and also
the thermal threshold. Higher UT values, number of
particles, and usually—but not always—polydisper-
sity, appear to decrease the transient region. No other
conclusions can be derived from the calculated data
at this point.

TABLE IX Half-life times and flocculation constants for systems of polydispersed particles as a function of f and UT with emphasis in
UT¼100 k T

ID f £ 100 kf (m 3/s) 100 k T t1/2 (s) 100 k T kf (m3/s) 10,000 k T t1/2 (s) 10,000 k T

1 1.11 7.49 £ 10218 154.2 7.61 £ 10218 154.2
2 2.24 1.17 £ 10217 79.1 1.02 £ 10217 81.4
3 5.39 1.17 £ 10217 67.0 1.35 £ 10217 70.9
4 9.33 2.42 £ 10217 11.6 1.72 £ 10217 15.0
5 12.59 3.76 £ 10217 9.4 2.99 £ 10217 7.7
6 15.11 5.10 £ 10217 16.0 3.01 £ 10217 11.9
7 15.11 3.12 £ 10217 6.6 3.46 £ 10217 6.5
8 15.12 3.52 £ 10217 9.7 4.49 £ 10217 10.0
9 15.13 3.86 £ 10217 26.2 6.00 £ 10217 20.2
10 15.13 3.94 £ 10217 8.05 4.06 £ 10217 6.3
11 15.70 3.21 £ 10217 24.2 2.75 £ 10217 23.2
12 15.97 7.39 £ 10217 24.3 4.22 £ 10217 27.8
13 22.29 6.88 £ 10217 10.1 6.13 £ 10217 8.3
14 29.50 1.37 £ 10216 4.35 1.40 £ 10216 5.7
15 29.56 8.91 £ 10216 1.29 1.45 £ 10216 1.3
16 29.57 1.36 £ 10216 0.78 1.76 £ 10216 0.5
17 30.38 5.53 £ 10216 1.2 4.05 £ 10216 1.9

FIGURE 5 Variation of n vs. t for polydisperse systems of 125 particles ðUT ¼ 100 k TÞ; as a function of the volume fraction of the internal
phase. The numbers in the legend correspond to the system identifications shown in Table V.
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Neglect of HI causes an overestimation of kf.
However, appropriate account of HI in concentrated
systems is difficult due to the intrinsic “many-body”
nature of this effect. For the calculations of Fig. 8,
pairwise additive HI were assumed. It is known that
this assumption breaks down in concentrated
emulsions due to the screening of the HI by
intervening particles [56].

One important consequence of comparing the
flocculation rates successively evaluated with:
(a) thermal interaction only (T), (b) T þ vdW and
(c) T þ vdW þ HI, relates to the appropriate
computation of the stability ratio W Eq. (4). As
formerly shown by Fuchs [3,57], the value of kf in the
presence of a repulsive barrier (or HI) is equal to
kf ¼ k0=W; where k0 is the fast flocculation rate.
However, it is observed that the flocculation rate
evaluated for case (c) can be faster than that for case
(a) due to the van der Waals attraction. Thus, k0 does
not refer to the thermal (random walk) case as one
may initially assume following Smoluchowski

approach. It does refer to the value of kf in the
absence of a repulsive barrier, which includes vdW
attraction, as correctly assumed in experimental
evaluations [55] of kf.

CONCLUSIONS

Coagulation constants of emulsions are usually very
difficult to measure not only due to technical
problems but also due to the multiple coupled
mechanisms of emulsion de-stabilization that simul-
taneously occur in a typical system. Except for a few
direct microscopic observations on the behavior of a
limited number of particles reported many years ago
[26–28], very few publications address this problem
[54], and most of them deal with the flocculation of
two particles. Only recently, a light scattering
technique suitable for the evaluation of coagulation
constants has been reported [55]. By that mean it has
been possible to confirm the applicability of Eq. (1)

FIGURE 7 Dependence of the half lifetime as a function of the
volume fraction for the polydisperse systems of Table V at
UT ¼ 100 k T: The crosses ( £ ) correspond to f ¼ 0:15 simulations,
while the triangles (D) correspond to f ¼ 0:30 calculations.

FIGURE 6 Dependence of the flocculation rate on the volume
fraction of internal phase for 0:01 , f , 0:30: The crosses ( £ )
indicate the results obtained for the polydisperse systems specified
in Table V for f ¼ 0:15: The triangles (D) correspond to the set of
polydisperse systems specified in Table V for f ¼ 0:30:

FIGURE 8 Variation of 1/n vs. t at f ¼ 0:15; UT ¼ 10 k T for a set
of 64 particles moving under the influence of: (W) thermal
exchange with the solvent; (2) thermal interactions plus van der
Waals forces; (þ ) both thermal and vdW forces with an
approximate account of hydrodynamic interactions ðf ¼ 0:15Þ
[12]. Results for f ¼ 0:15 and f ¼ 0:30 are shown in Fig. 8(a),(b)
respectively. Approximate hydrodynamic interactions were
computed assuming pair-wise additive hydrodynamic forces.
An alternative cluster model for HI along with a discussion
regarding artifacts caused by the neglect of many-body
interactions on the diffusion tensor can be found in Refs. [38,39].
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in describing the dynamics of coagulation of colloids.

In previous reports [1,45,50,51] we have shown

how ESS based on BD can incorporate the details

of surfactant adsorption on emulsion stability. Here

we used the same methodology to evaluate the

coagulation constants of simple systems spanning

a wide range of volume fractions with different

degrees of polydispersity.

First, the thermal interaction between the solvent

and the particles was addressed. It was found that

the magnitude of the thermal exchange does not

influence the flocculation constant sensibly for

volume fractions lower than 0.15. In the absence of

HI, a high value of UT is required in order to

reproduce the diffusion constants experimentally

found. As shown by a simple estimation, a thermal

exchange of considerable magnitude is likely to be

experienced by a particle of few microns. It was

noticed that such amount of energy could be

enough for crossing the repulsive barrier between

stabilized flocculated particles in a Brownian

relaxation time, but this problem will be addressed

in a future report.

According to these results, polydispersity can

increase the value of the flocculation constant

considerably. Combined changes in the volume

fraction and the polydispersity of the system can

increase kf between one and two orders of

magnitude. It was also found that the van der

Waals interaction could increase the flocculation rate

in at least one additional order of magnitude.

However, preliminary results indicate that the

introduction of HI may substantially slow down

this increase producing values of the same order of

magnitude as those originated by thermal exchange

only.
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